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Abstract 

We obtain rotating anisotropic fluids starting with any vacuum 
stationary axisymmetric metric. With the help of the Ernst method, 
the basic equations are derived, together with the expression for the 
energy-momentum tensor and with the equation of state compatible 
with the field equations. In principle, we can obtain source matter sat- 
isfying all three energy conditions, provided that the parameters of the 
solutions are chosen appropriately. Further, the method is presented 
by using different coordinate systems: the cylindrical coordinates p,z, 
the quasi-spherical coordinates and the oblate spheroidal ones. More- 
over, we study the energy conditions when matching conditions with 
an exterior solution are considered. Finally, a class of interior solutions 
in oblate spheroidal coordinates is found matching with any stationary 
axisymmetric asymptotically flat vacuum solution. 

Keyword Anisotropic pressure . Ernst equations . Interior solutions 



Introduction 

In the literature many solutions generating technique exist. Ehlers [Tj first 
showed how it is possible to construct new stationary exterior solutions and 
interior ones starting from static vacuum solutions applying certain con- 
formal transformations to auxiliary metrics defined on three-dimensional 
manifolds. These are one-parameter family of solutions. Geroch 0| showed 
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that one can obtain an infinite-parameter family. Further, Xanthopoulos 
gave a technique for generating from any one-parameter family of vac- 
uum solutions a two-parameter one. Physically, is very important to find 
interior solutions describing isolated rotating fluids. Methods have been de- 
veloped HI to build a physically admissible source for a rotating body, 
but a complete spacetime for an isolated body is still lacking. Particularly 
interesting is a technique due a Stephani for generating perfect fluid 
solutions by using a technique similar to the vacuum generating method 
presents in |12| ll.Sj . The equations of state compatible with this method are 
e = p , e + 3p = 0. This techinque also applyied in jTl] and generalized ^S] 
to anisotropic fluids. 

Anisotropic fluids are having an increasing interest since they are considered 
physically reasonable and appropriate in systems with higher density and 
therefore for very compact objects as the core of neutron stars. Anisotropic 
fluids have been studied, for example, in [THl ITO]. 

In this paper we present a simple technique to obtain anisotropic rotating flu- 
ids from any vacuum solution of Ernst j2Uj equations. A similar technique to 
the one outlined in this paper has been used [25 in the cosmological context 
with two spacelike killing vectors, to generate inhomogeneous cosmological 
solutions. 

The plan of this paper is the following. In section 1 we write down the basic 
equations. In section 2 the energy momentum tensor is studied together 
with a discussion on the energy conditions |22j . 

In section 3 we analyze a class of solutions available with our method. 
Section 4 collects some final remarks. 



1 Basic equations 



Our starting point is the line element for a stationary axisymmetric space- 
time: 



{dx^f + {dx^f +ld(l? + 2md(i)dt- fdt^, 



with: 



l = l{x^^x^) , m = m{x^^x^) , / = /(x^,x^), 



1 J2\ 



,1 J2\ 



where x^,x'^ are spatial coordinates, x'^ 



is an angular coordinate and 



t is a time coordinate. Further, we have [231 124j : 



(3) 



where p is the radius in a cylindrical coordinate system. With the only 
non-vanishing components of the energy-momentum tensor T^y given by 
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Tii,T22,T33,T34:,T44:, the field equations R^u = -{T^iu - ^T), where T 
g'^'T^u, are: 



^11 = 77 Wll + ^-22 + 7Z— + 

2 p 2p Zp 



J^ifih + mi') 



-T-Ti 



11, 



R22 = Wll + ^-22 + + 7Z— 

2 p 2p Zp 



2p- 



■{f2h + ^2^ 



R12 
-R33 

i?44 



-T-T22, 

_ PV2 V2P1 V1P2 
P 



rH' = 0, 



2p 2p V 
V^/ + \{hh + f2l2 + mi^ + 



-T-T- 



33) 



(4) 

(5) 
(6) 

(7) 



— T — T44, 
2 



f T - r34, (8) 



(9) 



where: 



n' = fih + f2h + 2mim2, 

y2 _ q2 _ Pa Q 
P 



(10) 



A summation over a is imphcit in H1U|) with a = 1,2, i.e. x^^x^ and 
subindices denote partial derivatives. 
From (01) and © we obtain: 



Pii . P22 , vipi V2P2 1 , 

1 1 H TTT^ = Jll — ^22, 

p p p P 2p^ 



(11) 



where: 

= fih - f2h + ml-ml (12) 

From equations © and (|11|1 we can obtain a first order differential system 
for V. In the vacuum Q, ©, © reduce to two independent equations. In 
fact, equation -Rn + ii22 = becomes an identity when equations Q, @, 
(|llj) and ©-© are used. Therefore, the relevant equations for the vacuum 
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are © and (HTJ), i.e. R22 - Ru, together with 0-®. 
Since equations 0-©, in the vacuum, permit to know f,l,m, thus equa- 
tions © and (jlll) can be completely solved. Conversely, when matter is 
present, equations do not reduce to two independent equations . 

Therefore, an equation can be obtained adding @ with ©. Further, the 
vacuum equations, i.e. with T^^, = 0, imply that: 

Paa = 0. (13) 

Condition is retained also in the presence of matter since it is an as- 
sumption greatly simplifying the calculations. 
Finally, we get: 



2P{PI + Pl) {P\ + Pl) ' ^''^ 



1^11 + V22 - -^UJa + ml) = Te" - Til - T22, (16) 
_ [2pi2P2 + Pijpu - P22)] _ [2pi2Pi - P2(pii - P22)] 

e-[v2/ + L{fJ^ + ml)] = fT + 2r44, (18) 



1v2/ + !(/,;„ + m2 )] = ;r-2r33, (i9) 
p 



e-[V^m + -^{fJa + ml)] = mT - (20) 
P 

Our aim is to take advantage of the Ernst method for the vacuum to find 
solutions of the system (fTH) - (|20() . To this purpose, the simplest assumption 
we can made is: 



IT - 2X33 = 0, (21) 
mT - 2T34 = 0, (22) 
2r44 + fT = 0. (23) 

In this way, equations (fTH)) - H20() are the vacuum ones, hence they permit 
to calculate f,m,l. Therefore we can obtain an interior solution with the 
same two metric, spanned by Killing vectors dt and d^f,, of the vacuum seed 
metric. The equation (|16j) can be rewritten, with the help of (|14j) - (|15j) . We 
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obtain: 



Te^-Tu-T22 




Finally, we get the last equation from the integrability condition of (|14|) - (|15|) . 
i.e. vi2 = V2i- We read: 



2p2Pl{Tu - T22) + PPl{Tll - T22)2 + PP2{Tll - T22)i = 0. (25) 



To obtain equation we have used the vacuum equations (fTH)l - H'20p for 
f,l,m together with Q. 

At this point, we can use the Ernst method for the vacuum to write the field 
equations for /, m, Z in a more appropriate way. 

First of all, thanks to ©, we can eliminate / from the field equations and 
so the equation (|T9|) . with the help of (|18j) and (|20|) . becomes an identity. 
Further, we introduce the functions 7,0; with e^"^ = fe^,m = fuj. After 
made these simplifications, we can introduce the Ernst potential where: 



When is used, equation (pn|) is an identity. To obtain another field 
equation, we impose the integrability condition to i.e. UJ12 = oj2i- 

Concluding, the relevant equations are (|24j> . and (|26|) with: 




$2 = t^i- 

P 



(26) 



/VV + $a-/a = 0, 
/V2$ - 2/„$„ = 0, 



(27) 
(28) 



PlT. + p2li C PPl{Tii-T22) 



(29) 



^P{P1^ + P2^) 2 2(pi2+p22) 



P2T. - lipi d pp2{Tii - T22) 



(30) 



" ^P{P1^+P2') 2 2(pi2 + p22) 



(31) 



n = -272/1/2 + 2/Vc^2, 



(32) 



2r44 + /T = 0, 

ujfT - 2Tu = 0, 



(33) 
(34) 




(35) 
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where: 

= + (36) 

with the hne element: 

ds^ = [e^T (^{dx^ f + {dx^ f^ + p2d(/,2j - f{dt - Ljd^f. (37) 



The hne element ()37p is written in the so called Papapetrou gauge 
In practice, we obtain anisotropic fluids by "gauging" the metric func- 
tion 7 of the seed vacuum solution. Obviously, is always possible to build 
anisotropic spacetimes by varying the metric coefficients. But, in this man- 
ner, we obtain an energy momentum tensor with a non appealing expression. 
In fact, since gi2 = 0, if R12 7^ 0, then T^^j has the component T12 7^ 0, and 
this does not allow to write a simple expression for T^jy. Further, equation 
(jnj is not easy to solve if /, to are not solution of the vacuum Ernst equations. 
The next step is to specify the form of the energy momentum tensor. 



2 Equation of state for the fluid 

With the line element ()37|). we can cast T/^n, in the form: 



T, 



(38) 



where e is the mass-energy density, and Pi,P2,P3 are the principals stress 
1, 2, 3, 4 is an orthogonal tetrad given by: 



and e^^^ , i 



=(1) 

=(2) 
=(3) 

=(4) 



Vf 



,0,0,0 



0,^,0,0 



0, 0, W^-/^2 



0,0,0, 



With the tetrad (jSHI), we have that the eigenvalues (|7/ii/ — 
are: Ai = pi, A2 = P2, A3 = p3, A4 = -e. 



liv I 



(39) 
= 0) 
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Furthermore, we must impose the energy conditions that in our nota- 
tions are, for the weak energy condition (i = 1,2,3): 

-A4 > , -A4 + Ai > 0; (40) 

for the strong energy condition: 

-A4 + ^Ai>0, -A4 + Ai>0; (41) 

and for the dominant energy condition: 

-A4 > , A4 < Ai < -A4. (42) 

We can write the equations ()33() - H35|) in terms of the principals stress and 
of the mass-energy density. We obtain: 

(e + P3)(p' + fu;^) + (Pi +P2)(p' - fu;^) = 0, (43) 
uj[-e + pi+p2-p3] = 0, (44) 
{p^ -u;^f){-e + pi+p2-p3) = 0. (45) 

Equations and (jl^ are equivalent. When is put in l|43|) . we have 
pi = —p2, e = —P3- Finally, starting with metric functions f,uj solutions of 
the vacuum Ernst equations (|27j) - (|28j) . we can integrate equations (|29|) - (|3()j) . 
with: 



Pi = -P2 = P , e = -P3, 
Tu - T22 = ^e'\ 

(2p2Pi + ppid2 + pp2di) [Tu - T22] = 0, 
(Pi -P2 + PPidi - PP2d2) [Til - T22] ^ 

(pI + pI) f 

A simple procedure to solve system H46|) -(|49 |) is the following. First of all, 
we must specify the initial coordinates by the relation with p, z. Further, 
we can integrate equation H48() . This way we have calculated the function p 
as a function of 7, and of the known metric function /. Furthermore, the 
solution so obtained for (Tu — T22) can be put in H49() to calculate e, and 
therefore all the principals stress together with the mass-energy density are 
found in terms of 7 and /. Finally, we can substitute the expression for 
(Til — T22) in ((^ - (|5n|) to calculate the metric function 7. The condition 
guaranties the integrability of (PH) -(|Hn |) . 



(46) 
(47) 
(48) 

-e). (49) 



7 



First of all, note that since equation H48() does not depend on 7, our method 
is self-consistent and thus equations for 7 can be solved without ambiguity. 
Our method cannot describe perfect fluid solutions. In fact, for a perfect 
fluid solution pi = P2 = P3 and therefore Tn — T22 = 0. In this case, the 
field equations imply that Pi = = Ps = e = 0. Therefore the only perfect 
fluid solution allowed with our method is the vacuum one. 
Also note that no restrictions are made on /, and to: they are only solutions 
of the vacuum Ernst equations. In the next section we present our method 
with some physically interesting examples. 



3 Application of our method 

3.1 Example one: cylindrical coordinates 

Starting with the line element (|37|) with = p,x^ = z, we have pi = 1, p2 = 
0. Perhaps the most simple solution of (|15|) one consider is (Tn — T22) = c, 
with c a constant. This case, equations ()46j) - (|49p . and (|29|) -(|3U |) can be easily 
integrated. Thus, starting with a seed vacuum metric with f,uj solutions of 
(|2ni)-(EHI), we read: 

Pp = P<t>=P = -Pz = -e, (50) 
p = c^ , e2^ = e2^0et^', (51) 

where 70 denotes the vacuum solution. 

The energy conditions (|4nj) - (|42j) follow for c < 0. For c = we regain the 
seed vacuum solution. 

If we want interior solutions matching to exterior vacuum ones, we need of 
solutions with a stationary surface where the hydrostatic pressure is zero. 
To such a purpose, we see that, in the chosen coordinates, the most general 
solution for is: 

Til - T22 = F{p), (52) 
where F(p) is an arbitrary differentiable function. 

An interesting class of anisotropic fluids can be obtained from the vacuum 
Lewis metrics j24j . The first interior Lewis solutions has been found in |25j . 
A general perfect fluid solution can been found in j26| . For a discussion 
concerning the physical interpretation of the four constants of the Lewis 
solution when matched to anisotropic fluid see j27j . 
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With the hne element p7|l the Lewis class of vacuum solutions is: 



/ 



1 



UJ 



{l-B^)l ' ^ ' J ' PQ {P^pi' - B^Q^p^-^) ' 

p2p^ - B^Q^p^-^] , (53) 



(1 - B^) 



where B, P, Q and ip are constants. 

Choosing the function F{p) and integrating ((^ -(|5n |l . we obtain a class of 
anisotropic metrics. 

At this point, it is interesting to see if we can found an expression for F{p) 
such that we can match our interior solutions with the vacuum Lewis ones. 
Since the generating solutions have the same /, uj of the Lewis one, the 
continuity of the first and the second fundamental form ^ on a surface 
with p = R = const, with vanishing pressure, requires that: 

7o(i?)=7(i?) , 70p(i?) = 7p(^)- (54) 

Conditions (|54|) can be easily fulfilled. Perhaps the most simple expression 
for F{p) is: F{p) = c{R — p)^ with c,k arbitrary constants {\k\ / 0). 
This way, p, p^f, and e are vanishing on p = R. 

Unfortunately, this solution cannot satisfy the energy conditions. This is a 
general fact, provided that F{p) is a regular function. To demonstrate this, 
we rewrite equation (jlH]) : 

^ {F + pF,). (55) 



2e27 



First, suppose that -F(O) < 0. Then, energy conditions are satisfied only if 

-F - pFp > -F. (56) 

Expression (|56j) implies that Fp < 0, and thus F is decreasing in a neigh- 
bourhood of /9 = 0. But, in this way, F cannot be zero at some radius p = R. 
Conversely, suppose that F{0) > 0. To satisfy energy conditions we must 
have: 

-pFp > 2F. (57) 

Thus , from (|57|) . F is decreasing in a neighbourhood of p = 0. But, if F is 
regular for < p < R, then from H57() we must have -F(O) = 0, and therefore 
F cannot be zero at some radius R. 

Concluding, the only way to satisfy the enegy conditions is to choose F 
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positive and not regular on the axis. Equations ()57|) implies that, in a 
neighbourhood of p = 0, F must shown the following behaviour: F{p) > 
Perhaps the most simple class of solutions that one consider is: 



np) = ^,{R-pf^\ (58) 

where c > and |A;| > 1, |s| > 1. It is easy to see that solution ()58() satisfies 
all energy consitions and the boundary conditions (|54|) . After integrating 
the equation for 7 we get: 

27 = 270 + cy ~ ^ dp + z{k, s), (59) 

where z{k, s) is an integration constant chosen to satisfy the first of equations 
1)54(1 ■ Generally, integral in (|7U|) involves expressions in terms of hypergeo- 
metric functions. 

The most simple example we can consider is: 

F{p) = ^{R-pf. (60) 

With (|60|) . after integrating the field equations, our interior solutions, match- 
ing smoothly with the Lewis vacuum solutions and satisfying all energy con- 
ditions are: 



- 2pR + ln{p) + _ f>2 



Pp = -Pz = P , e 

27 = 270 + c 
c 

e = ^(R^ - p^)e-lkp'-^pR+lR'-R'HR)]_ (61) 

Note that ^ — Tp + cR^ + 2 can never be put to zero. Thus, expressions (|HT|) 
for 7, p and e are always (only) singular on the axis. 

To conclude this subsection, we study the energy conditions for the general 
solution l|52() without boundary surfaces. To this purpose, without loss of 
generality, we write equation (|55() in a more expressive way, i.e. 

F + pFp = A{p)F, (62) 
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where A is an arbitrary function. Thus, we have: 

F{p) = ce^P''^^-^'>^P. (63) 

We find: 

Pp = -Pz=P , P4>= pHp) > e = -pHp) (64) 

The energy conditions (^OJ-lESl) are satisfied if and only if p < 0, A > 1 
or p > 0, A < —1: generahy, these conditions can always be satisfied 
by choosing opportunely the integration constants. Further, if we choose a 
regular vacuum seed metric, then the generated solution is generally regular, 
provided that F{p) be a regular function. 

3.2 Example two: quasi-spherical coordinates 

In this subsection we use quasi-spherical coordinates that in terms of the 
cylindrical ones are defined by: p = e"cos0, z = e"sin0, where — oo <u < 
oo,— ^ < 6* < f • To satisfy condition ((T^. we must use instead of the 
more usual radial coordinate r (r = e"). Obviously, after integrating the 
field equations, we can always take e" = r. Equation with (Tn — T22) = 
A{u, 6), becomes: 

cosO Ag Au „ 

We give only two particular solutions of H65|). The first is ^ = ce~^". 
Integrating the field equations we have: 

P = |/e(~^'^"2'') , p„ = p , = -p , = -p , e = p, 



27 = 270 - ^cos^ee-^". (66) 

For the solution H66|) energy conditions are satisfied when c > 0. Note that, 
since c > 0, then, for a fixed ^, 7 — > 70 when u +00 ( r — > 00). 
Another solution with similar features of (|66|1 is given by yl = ce~^"cos0. 
We read: 

P = le"^""^"^ cos 9 , Pu = -pe = P , P4, = -2p , e = 2p, 

27 = 270 - -cos^^e-^". (67) 
3 

Energy conditions are satisfied for (|H7j) if c > 0. 
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3.3 Example three: oblate spheroidal coordinates 

We consider oblate spheroidal coordinates defined in terms of the cylindrical 
ones p, z as: p = cosh /i cos , z = sinh/isin0, where Q < p, < oo and 
— f < 6* < f • The simplest solution of (|1H|) we give is: 

^ ^ c c/ 1 

Til - T22 = riy- ' e = P 



cosh^/i ' 2e2'^ cosh^ 



27 = 270 + c 



ln(cosh //) + - ln(cosh^/x — cos^O) 



(68) 



Energy conditions are satisfied for c > 0. Solution (|68|) has a ring singularity 
at p = 0, 9 = 0, i.e. /c = 1, -2 = 0. Obviously, the nature of the singularity 
can be studied only when a seed vacuum solution is specified. 
A little more sofisticated solution is given by: 



cos™6l 
cosh'^+V 



u-^22 = c __ , (69) 



whith m a constant. 

Searching for metric describing isolated objects with a vanishing hydrostatic 
pressure surface, we have the following solution: 

„ ^ c(s^cosh^/i — kcos^O — ,„ , 

Til - T22 = ^ ^ -4 ^, (70) 

cosh p 

where fc, s, c are arbitrary constants (s > 0). 
Thus, we get: 

/ 1 

P = ^ ^^^^4^ (^11 - T22), Pf, = -Pe=P, e = -P<j,^ (71) 

e = \ [s^coshV - 3A;(1 + s^)coB'e] . (72) 

2e^T cosh^^ 

Energy conditions can be fulfilled if c > 0, < 0. But, in this way, p cannot 
be vanishing on some boundary surface. Remember that it is not necessary 
for to vanish at some surface to identify the boundary of the source 
region. To this purpose, we must take in H71() -H72 |) c < 0, A; > 0. Hence, 
energy conditions are satisfied in the region where 



COS w 

cosh p < ^J2k{l + s'^). (73) 
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The surface of vanishing hydrostatic pressure is: 



cosh // = ^ Vfc(l + s2). (74) 
Expression ((71]) represents effectively the equation of a surface only if: 

< 1. (75) 



fc(l + s2) 

When s'^ = k{l + s'^) the surface degenerate to a circle of radius p = 1 with 
z = and it is not an interesting case. 

Therefore, thanks to ((75|) and (f75|) . in the region enclosed by the surface 
(|74j) . energy conditions follow. The surface represented by (|74|) is a toroidal 
rotational surface with ^^^^f^^^.^ < < ^ ■ Integrating the equation for 

7, we get: 



^=2 



2 ,n I Vcosh^^ - cos^e* 1 2n cos26' 

(s -A; l + s) ln( ) - -k{l + s ) — 

cosh ^ 2 cosh /X 

c 



+ 



+70 + (76) 

with a a constant. Expression (|76|) has a ring singularity at /i = 0,0 = 0, 
i.e. p = 1, z = 0. Thanks to (|75|) . this singularity lies always in the interior 
of the surface (fTljl (cosh/x < y^A;(1 + s^)). However, to understand the 
nature of this singularity, a seed vacuumm metric must be specified. In this 
paper we do not enter in this discussion. However, it is a simple matter to 
verify that, by chosing 



+ + ■ (77) 



we have, on the boundary S of (OJ: 

7o(5) = j{S) , ^o^{S) =j,{S),i = p,e. (78) 

Therefore, our interior metric is on the boundary surface S and thus 
it can be matched smoothly to any stationary axisymmetric asymptotically 
flat solution with /, u;,7o. Note that, thanks to (|75|) . expression (|77|) is real. 
Further, the principal stress is always positive inside the matter region. 
As a title of example, we choose as seed metric the Kerr one. After writing 
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solution 1)76(1 in Boyer-Lindquist coordinates (see [IHlIini)) we get: 

ds"^ = S (^dO^ + + (r^ + a^)sm^ed^'^ - dt^ + 

2mr / , . 2/1 r .\2 



+— ^(dt + asin^6l(i</>) , (79) 
S = + a^cos^O , A = + — 2mr, 



2 , ,^ , 2^^,__ \/A - sin^^ 1^ 



(s^ - A:(l + s')) In — -k{l + « )^- + a 



with a given by (j77j) . The interior metric written in the Boyer-Lindquist 
coordinates can be extended for ah values of the parameters a?,rn? allowed 
by Kerr solution. In particular, when a? < m? the surface of zero pressure 
A = ^'^^^2^ ^ sin^g generally does not describe a toroidal surface, but a closed 
surface passing trought z axis. Further, solution ()79() can be defined when 
^ < 0, provided that -k{^+s )] _ _^j2n_^^ where n,L are positive 
integers. 

When a? > rm? , surface A = ^^^^f ^ sin^g becomes a toroidal rotational 
surface as (|74() . 

It is interesting to note that the ring singularity of (|76() disappears in the 
coordinates used in ((75|) for > 1 + (A > 1). In this case, the only 
singularity for the global spacetime (both interior and exterior metric) is the 
ring of the vacuum Kerr solution. For 

m' + Ka'K Ml±i!) (80) 

the Kerr ring lies in the matter region. Otherwise, the Kerr ring belongs to 
the vacuum exterior Kerr solution. 

Finally, note that Se'^ = ^ > 0, in such a way that energy conditions 
follow within the surface (f71|) (c < 0, > 0). 
As a last example, we consider the solution: 

- T22 = c ^^°^^V- cos2g) _ ^^^^^ ^^^^ 

cosh^ 

p = ^mi-7^22), (82) 

^ [s^coshV - 3(A: + s^)cosh^ ncos^ 6 + hkcos^O] , (83) 



2e27 cosh^ 



27 = 270 + ^cos^t 



1 kcos^e 1 §4 



2 cosh /i cosh ^ 
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In this case the boundary surface 5 is: 



cosh^= COS0. (85) 

s 



Equation ()85() is a toroidal rotational surface only if 



4 > 1, (86) 
and the region enclosed by (|85|) has boundary with 

Energy conditions follow in the interior of (|85j) (scosh^u < \/A;cos0) if and 
only if c < 0, A; > and 

^ < cosh^/i < ^cos^(9. 88 

(A; + s'^) 

Note that the boundary of the surface ^^'^^a^ = cosh^/x is characterized by 
the following limits for p: 

Therefore, thanks to (|86|) . it is easy to see that the energy conditions cannot 
be satisfied at all the region enclosed in these cannot be satisfied in 

the interior of the torus (|85|) with (|89j) . In fact, with the condition (|86|) . the 
region (ISU]) is always enclosed in 

However, also in this case, expression (|84j) for 7 satisfies conditions (|78j) on 
(|85() . Consequently, solution (|5H) can be joined smoothly to any stationary 
axisymmetric asymptotically flat solution with /, u;,7o. 
Also in this case, we choose as seed vacuum metric the Kerr one. After 
writing solution 1)84(1 in Boyer Lindquist coordinates, we get the line element 
((7^ with: 

„ c sm" 



2A 



2A 



4 

cs 



Solution (|9U|) represents an interior solution for Kerr metric with a region 
given by (|89|) filled with exotic matter and the remaining region filled with 
unusual but physically acceptable matter. 
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4 Conclusions 



In this paper we have outhned a simple technique to obtain anisotropic 
fluids starting from any vacuum solution of the Ernst equations. In jl5j . 
anisotropic solutions with € + pi+ p2 + ps = have been obtained with the 
help of Geroch [TS] transformations applied to matter spacetimes. In this 
way, starting with matter spacetimes endowed with almost a Killing vector 
and with the appropriate equation of state, we can obtain a matter space- 
time adding twist to the seed spacetime and with the equation of state with 
the matter parameters scaled by a common factor. The equations of state 
compatible with this technique are 3e+p2 = ,pi = = — e for a spacetime 
admitting a spacelike Killing vector, and e = p2 , P2 = —Pi = —Ps for a 
spacetime with a timelike Killing vector. However, to apply our method, no 
seed matter spacetime is needed, but only vacuum stationary axially sym- 
metric solutions. Moreover, with our approach, more geometries are allowed 
than the ones in |15j . 

Furthermore, when the static limit is taken, we have static anisotropic flu- 
ids starting from any static vacuum solution of Einstein's equations. We 
have analyzed the problem of joining the generating solutions with exterior 
vacuum ones. By using cylindrical coordinates, we have been able to match 
our anisotropic metrics with the vacuum Lewis solutions in such a way that 
all energy conditions are satisfied. The price to pay is that a singularity 
arises for the principals stress, the mass-energy density and for the metric 
on the axis. Finally, an interior solution with a ring singularity is obtained 
representing an isolated body with an "unusual" but physically acceptable 
equation of state matching with any stationary axisymmetric asymptotically 
flat solution. 

As a final remark, note that the equation of state considered in this paper 
admits anisotropic negative pressure. This can be of some interest in the 
context of the dark energy problem. In fact, a possible explanation for an 
accelerating expanding universe can be related to the existence of matter 
with negative pressure. In this paper we have shown that matter with neg- 
ative anisotropic pressure (in our case pe-,P<j,) can be physically admissible 
and it can describe isolated bodies. 
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